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In this paper, we first derive three isomorphism theorems and a Jordan–Holder theorem of
Γ -hyperrings. By fuzzy Γ -hyperideals, we establish three fuzzy isomorphism theorems of
Γ -hyperrings.
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1. Introduction
The theory of algebraic hyperstructures (or hypersystems) is a well-established branch of classical algebraic theory. In
the literature, the theory of hyperstructure was first initiated by Marty in 1934 [1] when he defined the hypergroups and
began to investigate their properties with applications to groups, rational fractions and algebraic functions. Later on, many
people have observed that the theory of hyperstructures also have many applications in both pure and applied sciences,
for example, semi-hypergroups are the simplest algebraic hyperstructures which possess the properties of closure and
associativity. Some review of the theory of hyperstructures can be found in [2–4], respectively. In a recent monograph of
Corsini and Leoreanu [2], the authors have collected numerous applications of algebraic hyperstructures, especially those
from the following subjects for the past fifteen years: geometry, hypergraphs, binary relations, lattices, fuzzy sets and rough
sets, automata, cryptography, codes, median algebras, relation algebras, artificial intelligence and probabilities. The fuzzy
sets and hyperstructures introduced by Zadeh [5] and Marty, respectively, are now extensively applied to many disciplines.
The relationships between the fuzzy sets and algebraic hyperstructures have been considered by Ameri, Cristea, Corsini,
Davvaz, Leoreanu, Zhan and many other researchers. The reader is refereed to [6–8,3,9–21].
The concept of Γ -rings is introduced by Barnes [22]. After that, this concept was discussed further by some researchers.
The notion of fuzzy ideals in a Γ -ring was introduced by Jun and Lee in [23]. They studied some preliminary properties of
fuzzy ideals of Γ -rings. Jun [24] defined fuzzy prime ideals of a Γ -ring and obtained a number of characterizations for a
fuzzy ideal to be a fuzzy prime ideal. In particular, Dutta and Chanda [25] studied the structures of the set of fuzzy ideals of
a Γ -ring. Ma et al. [26] considered the characterization of fuzzy h-ideals in h-hemiregular and h-semisimple Γ -hemirings.
Recently, Ameri et al. [27] considered the concept of fuzzy hyperideals of Γ -hyperrings. By a different way of [27], Yin
et al. [28] investigated some new results on Γ -hyperrings. In particular, Davvaz et al. [29] considered the properties of
Γ -hypernear-rings, and derived some related results.
In this paper, wewill discuss the properties ofΓ -hyperrings. In Section 2, we recall some basic concepts ofΓ -hyperrings.
In Section 3,we derive three isomorphism theorems and Jordan–Holder theoremofΓ -hyperrings. In particular, we establish
three fuzzy isomorphism theorems of Γ -hyperrings in Section 4.
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2. Preliminaries
A hypergroupoid is a non-empty setH together with a mapping ‘‘ ◦ ’’:H ×H → P ∗(H), where P ∗(H) is the set of all
the non-empty subsets ofH .
A quasicanonical hypergroup (not necessarily commutative) is an algebraic structure (H,+) satisfying the following
conditions:
(i) for every x, y, z ∈ H, x+ (y+ z) = (x+ y)+ z;
(ii) there exists a 0 ∈ H such that 0+ x = x, for all x ∈ H ;
(iii) for every x ∈ H , there exists a unique element x′ ∈ H such that 0 ∈ (x − x) ∩ (−x + x). (we call the element−x the
opposite of x);
(iv) z ∈ x+ y implies y ∈ −x+ z and x ∈ z − y.
Quasicanonical hypergroups are also called polygroups.
We note that if x ∈ H and A, B are non-empty subsets in H , then by A + B, A + x and x + B we mean that
A+B =a∈A, b∈B a+b, A+x = A+{x} and x+B = {x}+B, respectively. Also, for all x, y ∈ H , we have−(−x) = x,−0 = 0,
where 0 is unique and−(x+ y) = −y− x.
A sub-hypergroup A ⊂ H is said to be normal if x+ A− x ⊆ A for all x ∈ H . A normal sub-hypergroup A ofH is called
left (right) hyperideal ofH if xA ⊆ A (Ax ⊆ A respectively) for all x ∈ H . Moreover, A is said to be a hyperideal ofH if it is
both a left and a right hyperideal ofH . A canonical hypergroup is a commutative quasicanonical hypergroup.
Definition 2.1 ([11]). A hyperring is an algebraic structure (R,+, ·), which satisfies the following axioms:
(1) (R,+) is a canonical hypergroup;
(2) relating to themultiplication, (R, ·) is a semigroup having zero as a bilaterally absorbing element, that is, 0 ·x = x ·0 = 0
for all x ∈ R;
(3) the multiplication is distributive with respect to the hyperoperation ‘‘+’’ that is, z · (x + y) = z · x + z · y and
(x+ y) · z = x · z + y · z for all x, y, z ∈ R.
Definition 2.2 ([17]). A fuzzy set µ of a hyperring R is called a fuzzy hyperideal of R if the following conditions hold:
(1) min{µ(x), µ(y)} ≤ infz∈x+y µ(z), for all x, y ∈ R;
(2) µ(x) ≤ µ(−x), for all x ∈ R;
(3) max{µ(x), µ(y)} ≤ µ(xy), for all x, y ∈ R.
Definition 2.3 ([22]). LetM and Γ be two additive abelian groups. ThenM is called a Γ -ring if the following conditions are
satisfied for all a, b, c ∈ M and for all α, β, γ ∈ Γ :
(i) aαb ∈ M;
(ii) (a+ b)αc = aαc + bαc, a(α + β)b = aαb+ aβb, aα(b+ c) = aαb+ aαc;
(iii) aα(bβc) = (aαb)βc.
Definition 2.4 ([27,28]). Let (R,⊕) and (Γ ,⊕) be two canonical hypergroups. Then R is called aΓ -hyperring, if the following
conditions are satisfied for all x, y, z ∈ R and for all α, β ∈ Γ ,
(1) xαy ∈ R;
(2) (x⊕ y)αz = xαz ⊕ yαz, x(α ⊕ β)y = xαy⊕ xβy, xα(y⊕ z) = xαy⊕ xαz;
(3) xα(yβz) = (xαy)βz.
In what follows, unless otherwise stated, (R,⊕,Γ ) always denotes a Γ -hyperring.
A subset A in R is said to be a left (right) Γ -hyperideal of R if it satisfies the following conditions:
(1) (A,⊕) is a normal sub-hypergroup of (R,⊕);
(2) xαy ∈ A (yαx ∈ A respectively) for all x ∈ R, y ∈ A and α ∈ Γ .
A is said to be a Γ -hyperideal of R if it is both a left and a right Γ -hyperideal of R.
Definition 2.5. A fuzzy set µ of a Γ -hyperring R is called a fuzzy Γ -hyperideal of R if the following conditions hold:
(1) min{µ(x), µ(y)} ≤ infz∈x+y µ(z), for all x, y ∈ R;
(2) µ(x) ≤ µ(−x), for all x ∈ R;
(3) max{µ(x), µ(y)} ≤ µ(xαy), for all x, y ∈ R and for all α ∈ Γ .
Example 2.6. Let R be a Γ -ring such that x(−α)y = −xαy for all x, y ∈ R and α ∈ Γ . Denote R = {x = {x,−x}|x ∈ R}
and Γ = {α = {α,−α}|α ∈ Γ }. Define the hyperoperations on R and Γ as follows: x ⊕ y = {x+ y, x− y}, α ⊕ β =
{α + β, α − β} and xα y = xαy for all x, y ∈ R and α, β ∈ Γ . Then (R,⊕,Γ ) is a Γ -hyperring.
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Example 2.7. Let (G, ·) be a group and Γ = G. Denote G0 = Γ 0 = G{0} and define xαy = x · α · y for all x, y ∈ G and
α ∈ Γ . Then (G0,⊕,Γ 0) is a Γ 0-hyperring with respect to the hyperoperation ‘‘⊕’’ on G0 and Γ 0, defined by
x⊕ 0 = 0⊕ x = {x} for all x ∈ G0,
x⊕ x = G0 \ {x} for all x ∈ G0 \ {0},
x⊕ y = {x, y} for all x, y ∈ G0 \ {0}with x ≠ y,
and
α ⊕ 0 = 0⊕ α = {α} for all α ∈ Γ 0,
α ⊕ α = Γ 0 \ {α} for all α ∈ Γ 0 \ {0},
α ⊕ β = {α, β} for all α, β ∈ Γ 0 \ {0}with α ≠ β,
respectively.
3. Isomorphism theorems
In this section, we establish three isomorphism theorems and Jordan–Holder theorem of Γ -hyperrings. Now, we recall
the following concept:
Definition 3.1. If R and R′ are Γ -hyperrings, then a mapping f : R −→ R′ such that
f (x⊕ y) = f (x)⊕ f (y) and f (xαy) = f (x)αf (y),
for all x, y ∈ R and α ∈ Γ , is called a Γ -hyperring homomorphism.
Clearly, a Γ -hyperring homomorphism f is an isomorphism if f is injective and surjective. We write R ∼= R′ if R is
isomorphic to R′.
Definition 3.2. If I is a Γ -hyperideal of R, then we define the relation I∗ by
x ≡ y(modI)⇐⇒ (x− y)

I ≠ ∅.
This is a congruence relation on R.
The class x + I is represented by x and we denote it with I∗(x). Moreover, I∗(x) = I∗(y) if and only if x ≡ y(modI). We
can define R/I as follows:
R/I = {I∗(x)|x ∈ R}.
Define a hyperoperation  and an operation⊙α on R/I by
I∗(x)  I∗(y) = {I∗(z)|z ∈ I∗(x)⊕ I∗(y)};
I∗(x)⊙α I∗(y) = I∗(xαy) for all I∗(x), I∗(y) ∈ R/I.
From the above discussion, we can get the following:
Theorem 3.3. (R/I,,⊙α) is a Γ -hyperring.
Next, we establish three isomorphism theorems of Γ -hyperrings. The proofs are similar to the proofs of Theorems 4.9,
4.10 and 4.11 in [29], respectively, and we omit the details.
Theorem 3.4 (First isomorphism theorem). Let ϕ be a Γ -hyperring homomorphism from R1 into R2 with the kernel K , such that
K is a Γ -hyperideal of R1. Then we have
R1/K ∗ ∼= Imϕ.
Theorem 3.5 (Second isomorphism theorem). If A and B are Γ -hyperideals of R, then we have
A/(A ∩ B)∗ ∼= (A+ B)/B∗.
Theorem 3.6 (Third isomorphism theorem). If A and B are Γ -hyperideals of R such that A ⊆ B, then B/A∗ is a Γ -hyperideal of
R/A∗ and
(R/A∗)/(B/A∗) ∼= R/B∗.
Finally, we consider the Jordan–Holder theorem of Γ -hyperrings. The proof is similar to the proof of Theorem 3.16 in [8]
and we omit the details.
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Definition 3.7. A finite chain of n+ 1Γ -hyperideals of R is a composition series of Rwith length n
R = A0 ⊃ A1 ⊃ A2 ⊃ · · · ⊃ An = 0,
where Ai−1/A∗i is simple (i = 1, 2, . . . n), that is, every term of the chain is maximal in its predecessor.
Theorem 3.8 (Jordan–Holder theorem). If a Γ -hyperring R has composition series, then any two of the composition series for R
are equivalent, which means that the composition quotient Γ -hyperrings are isomorphic in pairs, though may occur in different
orders in the sequences.
4. The fuzzy isomorphism theorems
In this section, we establish three fuzzy isomorphism theorems of Γ -hyperrings.
Definition 4.1. Let µ be a fuzzy Γ -hyperideal of R. Define the following relation:
x ≡ y(mod µ) if and only if there exists r ∈ x− y such that µ(r) = µ(0).
We usually denote the above relation by µ∗. For this relation, we have the following lemmas. The proofs are obvious.
Lemma 4.2. The relation µ∗ is an equivalence relation.
Lemma 4.3. If xµ∗y, then µ(x) = µ(y).
Let µ∗[x] be the equivalence class of x. We denote by R/µ the set of all equivalence classes, i.e., R/µ = {µ∗[x] | x ∈ R}.
Define the following two operations in R/µ:
µ∗[x]  µ∗[y] = {µ∗[z] | z ∈ µ∗[x] ⊕ µ∗[y]};
µ∗[x]⊙α µ∗[y] = µ∗[xαy].
Since µ∗ is regular, then we can deduce the following result:
Theorem 4.4. (R/µ,,⊙α) is a Γ -hyperring.
Let f : R −→ R′ be a map and µ, ν be the fuzzy sets of R, R′, respectively. Then the image f (µ) of µ is the fuzzy subset of R′
defined by
f (µ)(y) =

sup
x∈f−1(y)
{µ(x)} if f −1(y) ≠ ∅,
0 otherwise.
for all y ∈ R′. The inverse image f −1(ν) of ν is the fuzzy set of R defined by
f −1(ν)(x) = ν(f (x)) for all x ∈ R.
The following two lemmas are easily obtained and we omit the details.
Lemma 4.5. Let f : R → R′ be a Γ -hyperring homomorphism. If µ is a fuzzy Γ -hyperideal of R, then f (µ) is a fuzzy Γ -
hyperideal of R′.
Lemma 4.6. Let f : R → R′ be a Γ -hyperring homomorphism and let µ and ν be fuzzy Γ -hyperideals of R and R′, respectively.
(i) If f is an epimorphism, then f (f −1(ν)) = ν;
(ii) If µ is a constant on Ker f , then f −1(f (µ)) = µ.
Let µ be a fuzzy Γ -hyperideal of R. We denote Rµ = {x ∈ R|µ(x) = µ(0)}. Clearly, Rµ is a Γ -hyperideal of R.
Theorem 4.7 (First fuzzy isomorphism theorem). Let f : R → R′ be an epimorphism of Γ -hyperrings and µ be a fuzzy Γ -
hyperideal of R with Rµ ⊇ Ker f . Then we have
R/µ ∼= R′/f (µ).
Proof. First, we know that R/µ and R′/f (µ) are Γ -hyperrings. We define
η : R/µ→ R′/f (µ) by η(µ∗[x]) = f (µ)∗[f (x)], for all x ∈ R.
Notice that η is well defined. In fact, if µ∗[x] = µ∗[y], then µ(x) = µ(y) by Lemma 4.3. Since Rµ ⊇ Ker f , it
follows that µ is a constant on Ker f . By Lemma 4.6(ii), f −1(f (µ)) = µ. Thus we have (f −1(f (µ)))(x) = (f −1(f (µ)))(y),
i.e., (f (µ))(f (x)) = (f (µ))(f (y)). Hence we have f (µ)∗[f (x)] = f (µ)∗[f (y)].
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Moreover, we have
(i)
η(µ∗[x]  µ∗[y]) = η({µ∗[z] | z ∈ µ∗[x] ⊕ µ∗[y]})
= {f (µ)∗[f (z)] | z ∈ µ∗[x] ⊕ µ∗[y]}
= f (µ)∗(f (µ∗[x]))⊕ f (µ)∗(f (µ∗[y]))
= η(µ∗[x])⊕ η(µ∗[y]);
(ii)
η(µ∗[x]⊙α µ∗[y]) = η(µ∗[xαy])
= f (µ)∗(f (xαy)) = f (µ)∗(xαy)
= f (µ)∗([f (x)])αf (µ)∗([f (y)]) = η(µ∗[x])α η(µ∗[y]).
Hence, η is a Γ -hyperring homomorphism. Clearly, η is an epimorphism. To show that η is a monomorphism, let
f (µ)∗[f (x)] = f (µ)∗[f (y)], then f (µ)(f (x)) = f (µ)(f (y)), that is, (f −1(f (µ)))(x) = (f −1(f (µ)))(y). Hence µ(x) = µ(y),
and so µ∗[x] = µ∗[y]. Therefore R/µ ∼= R′/f (µ). 
The following lemma is obvious.
Lemma 4.8. Let f : R → R′ be an epimorphism of Γ -hyperrings. If ν is a fuzzy Γ -hyperideal of R′, then f −1(ν) is a fuzzy
Γ -hyperideal of R.
Corollary 4.9. Let f : R → R′ be an epimorphism of Γ -hyperrings. If ν is a fuzzy Γ -hyperideal of R′, then we have
R/f −1(ν) ∼= R′/ν.
Proof. By Lemma 4.8, f −1(ν) is a fuzzy Γ -hyperideal of R and so R/f −1(ν) and R′/ν are Γ -hyperrings. We check that
Rf−1(ν) ⊇ Ker f . In fact, for any x ∈ Ker f , we have f (x) = f (0), and so ν(f (x)) = ν(f (0)), i.e., f −1(ν)(x) = f −1(ν)(0).
Hence x ∈ Rf−1(ν), and so Rf−1(ν) ⊇ Ker f . By Theorem 4.7, we have R/f −1(ν) ∼= R′/ν. This completes the proof. 
Now, we give the second fuzzy and third fuzzy isomorphism theorems. The following two lemmas are obvious and we
omit the details.
Lemma 4.10. Let A be a Γ -hyperideal of R and µ be a fuzzy Γ -hyperideal of R.
(i) If µ is restricted to A, then µ is a fuzzy Γ -hyperideal of A;
(ii) A/µ is a Γ -hyperideal of R/µ.
Lemma 4.11. If µ and ν are any two fuzzy Γ -hyperideals of R, then so is µ ∩ ν .
Theorem 4.12 (Second fuzzy isomorphism theorem). If µ and ν are two Γ -hyperideals of R with µ(0) = ν(0), then
Rµ/(µ ∩ ν) ∼= (Rµ + Rν)/ν.
Proof. By Lemmas 4.10 and 4.11, ν andµ∩ν are two fuzzy Γ -hyperideals of Rµ+Rν and Rµ, respectively. Thus (Rµ+Rν)/ν
and Rµ/(µ ∩ ν) are both Γ -hyperideals.
Define ρ : Rµ → (Rµ + Rν)/ν by ρ(x) = ν∗[x], for all x ∈ Rµ. It is easy to see that ρ is an epimorphism. We check that
Ker ρ = µ ∩ ν.
Ker ρ = {x ∈ Rµ | ρ(x) = ν∗[0]}
= {x ∈ Rµ | ν∗[x] = ν∗[0]}
= {x ∈ Rµ | ν(x) = ν(0)}
= {x ∈ Rµ | µ(x) = µ(0) = ν(0) = ν(x)}
= {x ∈ Rµ | x ∈ Rν}
= µ ∩ ν.
Therefore Rµ/(µ ∩ ν) ∼= (Rµ + Rν)/ν. 
Theorem 4.13 (Third fuzzy isomorphism theorem). Let µ and ν be two fuzzy Γ -hyperideals of R with ν ≤ µ and ν(0) = µ(0).
Then
(R/ν)/(Rµ/ν) ∼= R/µ.
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Proof. By Lemma 4.10(ii), we know that Rµ/ν is a Γ -hyperideal of R/ν. Define f : R/ν → R/µ by f (ν∗[x]) = µ∗[x], for all
x ∈ R. If ν∗[x] = ν∗[y], for all x, y ∈ R, then there exists r ∈ x− y, such that ν(r) = ν(0). Since ν ≤ µ and µ(0) = ν(0), we
have µ(r) ≥ ν(r) = ν(0) = µ(0), which implies that µ(r) = µ(0), and so µ∗(x) = µ∗(y). Hence, f is well defined.
Moreover, we have
(i)
f (ν∗[x]  ν∗[y]) = f ({ν∗[z] | z ∈ ν∗[x] ⊕ ν∗[y]})
= {µ∗[z ] | z ∈ ν∗[x] ⊕ ν∗[y]}
= µ∗[ν∗[x]]  µ∗[ν∗[y]]
= µ∗[x]  µ∗[y]
= f (ν∗[x])  f (ν∗[y]);
(ii)
f (ν∗[x]⊙α ν∗[y]) = f (ν∗[xαy])
= µ∗[xαy] = µ∗[x]⊙α µ∗[y]
= f (ν∗[x])⊙α f (ν∗[y]).
Hence, f is a Γ -hyperring homomorphism. Clearly, f is an epimorphism. Next, we show that Ker f = Rµ/ν. In fact,
Ker f = {ν∗[x] ∈ R/ν | f (ν∗[x]) = µ∗[0]}
= {ν∗[x] ∈ R/ν | µ∗[x] = µ∗[y]}
= {ν∗[x] ∈ R/ν | µ(x) = µ(0)}
= {ν∗[x] ∈ R/ν | x ∈ Rµ}
= Rµ/ν.
Therefore, from Theorem 4.7 it follows that (R/ν)/(Rµ/ν) ∼= R/µ. 
5. Conclusions
In this paper, we investigate three fuzzy isomorphism theorems in the context Γ -hyperrings.
In our future study of fuzzy structure of Γ -hyperrings, the following topics could be considered:
(1) to consider roughness of Γ -hyperrings;
(2) to analyze the (α, β)-fuzzy hyperideal, where α, β are any one of ∈, q,∈ ∨q or ∈ ∧q.
(3) to describe the soft Γ -hyperrings and their applications.
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